We study a heterotic two-dimensional N = (0, 2) gauged non-linear sigma-model whose target space is a weighted complex projective space. We consider the case with N positively andÑ = N F − N negatively charged fields. This model is believed to give a description of the lowenergy physics of a non-Abelian semi-local vortex in a four-dimensional N = 2 supersymmetric U (N ) gauge theory with N F > N matter hypermultiplets. The supersymmetry in the latter theory is broken down to N = 1 by a mass term for the adjoint fields. We solve the model in the large-N approximation and explore a two-dimensional subset of the mass parameter space for which a discrete Z N −Ñ symmetry is preserved. Supersymmetry is generically broken, but it is preserved for special values of the masses where a new branch opens up and the model becomes super-conformal.
Introduction
For many years two-dimensional CP N −1 sigma-models have been providing extremely useful insights into the physics of four-dimensional non-Abelian gauge theories. One of the most important features the two types of theories share is the non-perturbative generation of a mass gap [1, 2] .
The connection has been tightened up thanks to recent results in gauge theories with extended supersymmetry. First it has been proven that the N = (2, 2) extension of the twodimensional CP N −1 sigma-model has the same spectrum of massive BPS states as the N = 2 four-dimensional SU (N ) gauge theory with N hypermultiplets, provided that the parameters of the two theories are identified in a proper way [3, 4] . Remarkably, the correspondence holds at both the classical and quantum levels. The physical reason behind that was unclear until it was realized that the correct two-dimensional model arises naturally as an effective theory on string-like solitons existing in the four-dimensional bulk theory. The key point was the discovery of non-Abelian vortices [5, 6] , which posses internal degrees of freedom with non-trivial dynamics. The fluctuations of the fields around the vortex configuration can be thought of as the original particles confined to the world-sheet of the vortex, due to the Higgs screening [7] .
In an attempt to further study the relationship between the theories (in a set-up which may be closer to the real QCD) one introduces mass terms which decouple the adjoint scalar fields [8] present in N = 2 theories. Having done that, one breaks supersymmetry down to N = 1. SUSY breaking terms correspond to a very interesting deformation of the vortex world-sheet theory which gives rise to a particular type of N = (0, 2) CP N −1 sigma-model called "heterotic" [9] [10] [11] .
The heterotic CP N −1 sigma-model was first analyzed in Ref. [12] , then it was solved in the large-N approximation in Refs. [13, 14] . The model shows a rich set of phenomena like spontaneous supersymmetry breaking and transitions between Higgs and Coulomb/confining phases. Again, the two-dimensional sigma-models have proven to capture important properties of the corresponding four-dimensional bulk theories [12, 15] .
In this paper we consider a particular extension of the CP N −1 sigma-model which can be obtained by gauging N positively charged fields. Considering additionalÑ = N F − N matter multiplets with negative charge, we obtain what is called a "weighted" CP N F −1 (or WCP N F −1 ) sigma-model 1 . The target space WCP N F −1 contains CP N −1 as a subspace. The crucial point is that the weighted projective space is not compact. The model was proposed in Ref. [5] as the low-energy description of non-Abelian semi-local vortices. Semi-local vortices appear in gauge theories when large global symmetries are present [17] . These symmetries are usually realized as flavor symmetries by introducing additional matter fields. The main feature of these vortices is the existence of a new set of degenerate solutions with arbitrary size [18] . In fact, this property makes semi-local vortices quite similar to instantons and lumps [19, 16, 20] . Employing a D-brane construction, the authors of Ref. [9] found the unique heterotic deformation to this model which could arise when the symmetry breaking term in the bulk theory is turned on. Motivated by this, we use the large-N techniques exploited in Refs. [1, 13, 14 ] to solve the model and understand its physics.
In the correspondence between the supersymmetric QCD and the N = (2, 2) sigma-model mentioned above, the complex masses of the hypermultiplets in the former theory coincide with the twisted masses of the latter theory. In the model addressed in the current paper, we introduce N twisted masses m i for each positively charged field and additionalÑ twisted masses µ j for each negatively charged field. As is known from the CP N −1 sigma-model, the values of the twisted masses control the phases of the theory. Indeed, if the masses are much bigger than the dynamically generated scale Λ, the theory is essentially classical, whereas quantum effects become significant for m i , µ j Λ. Due to larger variety of twisted masses, the phase diagram of the theory is quite complicated. We shall consider a particular choice of the masses which preserves a discrete symmetry, by appropriately putting them on two circles of radii m and µ. We thus focus on the determination of the phase diagram of the model in terms of these two parameters.
The supersymmetric CP N −1 sigma-model is known to have an exact "twisted" superpotential [21, 22, 3] which is similar to the Veneziano-Yankielowicz superpotential [23] . It can be straightforwardly generalized to the weighted sigma-model [22, 24, 4] . The exact superpotential depends only on the twisted chiral superfield containing the gauge multiplet and twisted masses of the theory. Once the superpotential is known one can in principle determine the full BPS spectrum, including the vacua of the theory for any N andÑ . However, if we break half of the supersymmetries by introducing the heterotic deformation, we cannot rely on the existence of an exact superpotential anymore, and we have to dwell on a more robust technique of solving quantum theories at strong coupling, like the large-N approximation.
The paper is organized as follows. In Sec. 2 we introduce the model and discuss its quantum aspects. In Sec. 3 we present the master set of equations which gives the vacuum expectation values of all the fields. We solve them exactly in the massless case, while we give approximate analytical solutions and numerical evaluations in various regimes for non-zero masses. In Sec. 4 we discuss the one-loop low-energy effective action which describes excitations above the vacua found earlier. Sec. 5 contains conclusions and discussions. Various technical details and useful formulae are given in the appendices.
The Model
In this part of the paper we formulate the sigma-model in gauged approach and discuss its moduli space. First we consider the (2, 2) sypersymmetric model and then introduce the heterotic deformation.
N = (2, 2) weighted non-linear sigma-model
Let us start by introducing the undeformed N = (2, 2) weighted sigma-model 2 WCP N F −1 . A detailed discussion of these models can be found in Ref. [26] , where a relationship with Landau-Ginzsburg models is considered. The same models can be studied in the mirror representation [27] . The model can be built out of N positively charged fields n i ,Ñ negatively charged fields ρ j and a non-dynamical auxiliary field. The full Lagrangian, including the fermionic superpartners can be written in a superfield formalism which make supersymmetry manifest (see Sec. A). The Lagrangian (A.1) has the following component expansion
where the covariant derivatives are given by
The fields A µ , σ, λ L,R and D all belong to the same N = 2 supermultiplet, they are nondynamical, and can be integrated out using their equations of motion. However, as we shall see later, in strongly coupled phases these auxiliary fields do become dynamical and describe particles in the low energy effective theory. The model has a unique parameter which determines the strength of the interactions, the two-dimensional Fayet-Iliopoulos term r 0 [28] . Classically, the model has a continuous set of vacua determined by the vacuum equation
3)
The first and the most important quantum effect is the generation of a dynamical scale Λ through dimensional transmutation. In fact, the Fayet-Iliopoulos term gets renormalized, flowing with respect to the energy scale through the following one loop expressions
The theory is thus asymptotically free for N >Ñ . From the expression above we can also guess that for N =Ñ we have super-conformal theory, and this is indeed the case [26] . Actually, thanks to supersymmetry, (2.4) is exact in perturbation theory because of the vanishing of higher order contributions. Furthermore, integrating out the matter fields in the functional integral we can find an exact superpotential for the field σ [26, 21, 22, 24] 
This superpotential includes all the non-perturbative instantonic contributions to the functional integral. At the classical level the theory has two U (1) R-symmetries,
The first one is an axial symmetry, under which σ has charge +2. This symmetry is anomalous and is broken down to Z 2N −2Ñ by the one-loop corrections. By minimization of the superpotential (2.5) we find N −Ñ massive vacua. We will discuss in more details the vacuum structure of the theory in Sec. 3.
N = (0, 2) weighted sigma-model: heterotic deformation
As is well-known from early studies of two-dimensional supersymmetric sigma-models [29] , there is no smooth N = (0, 2) deformation of the N = (2, 2) CP N −1 sigma-model 3 . On the other hand, it is possible to have deformation of the C × CP N −1 model, which is the relevant effective theory emerging in when studying the non-Abelian vortices (the C factor describes the translation modes of the vortex). From the additional C piece, one can keep only a right-handed fermion, while the scalar and left-handed fermionic super-partners is free. A similar situation occurs for the weighted sigma-model 4 . As a result we consider the following Lagrangian
The heterotic coupling ω is introduced by means of an additional right-handed fermion ζ R . Obviously the modification dramatically changes the physics of the sigma-model at hand. For example, the Witten index is modified from N −Ñ to zero as in the CP N −1 case. This observation is indeed consistent with supersymmetry breaking [13, 31] occurring in the model.
Adding the twisted masses. Twisted masses can be easily introduced into the model by first gauging the U (1) N F −1 independent flavor symmetries and then setting to zero all the fields in the additional twisted multiplets but not the lowest components [24] . The resulting Lagrangian takes the following form
For zero values of the twisted masses there is a U (1) R-symmetry under which the fermions ξ
, whereas σ has charge +2. A generic choice of the masses m i and µ j breaks this symmetry completely. Instead, we make the following choice for the masses
For the further convenience we define a new constant α =Ñ /N . Notice that in the N → ∞ limit, the masses are distributed uniformly on circles with radii |m| and |µ| correspondingly. We consider m and µ to be real. There are particular choices of α which are interesting because they leave some residual discrete symmetry on the classical level. In particular, if N andÑ have N −Ñ as a common divisor, a discrete Z N −Ñ symmetry is preserved 5 . As we shall later see in Sec. 3, in quantum theory VEV of σ breaks this symmetry, however, for certain values of the twisted masses (2.8) σ = 0 and the symmetry gets restored.
Large-N Solution
In this section we solve the model in the large-N approximation, closely following the analysis of Refs. [13, 14] . Since the n i , ρ j , ξ i , η j fields appear in the action quadratically, we can perform the Gaussian integration over these fields. We integrate over all but the following four fields (n 0 , ρ 0 , ξ 0 , η 0 ). The scalar fields (n 0 , ρ 0 ) will represent the helpful set of the order parameters defining various phases of the theory.
The Gaussian integration leads to the following determinants
.
The large-N approximation is technically equivalent to a one-loop calculation of the above determinants, where we can also drop the gauge fields [1] . The result gives an effective potential for the σ field
To get the above result we have again traded the UV cut-off for the scale Λ. Including the pieces already present at the classical level we get the expression for the effective potential
where we set u = 8π|ω| 2 /N .
Vacuum equations. The extremization 7 of this potential with respect to n 0 and ρ 0 , D and σ gives us the master set of equations which determines the vacuum structure of the theory
1 4π
The second equation above gives us the renormalized coupling constant
In the next section we shall solve the weighted heterotic CP N −1 model in the large-N approximation. First we address the massless case, and then work out the more involved model with twisted masses.
Massless case
Let us warm-up with the problem when all twisted mass are zero. We will be able to investigate more easily all the features which will be also present in the massive case. The potential (3.3) takes much simpler form now
from which the corresponding vacuum equations follow
The solution of the vacuum equations for D gives V ef f a maximum rather than a minimum. This fact, being usual in supersymmetric gauge theories, is consistent since the D field is not dynamical. We get a true minimum with respect to the σ field. 8 Notice that in this case we have integrated out all the fields.
Let us rewrite them in a more compact form
where we introduced the following dimensionless parameters
Let us first discuss the undeformed case (u = 0). From the first equation of (3.9) we get x = 0, and from the second s = 1, thus
The vanishing of the VEV of D implies unbroken supersymmetry. The VEV of σ, on the contrary, lies on a circle 9 . We can compare this result with the exact N = (2, 2) solution at finite-N by minimizing the potential (2.5), from which we get the vacuum equation
There are N −Ñ vacua characterized by the vacuum expectation value of σ σ Λ,k = Λe
We can see that in the large-N F limit the number of vacua becomes infinite and uniformly distributed on the circle. Let us now turn on the heterotic deformation. The first equation from (3.9) gives us x, the second one can be used to find both D and σ in the vacuum configuration. The r.h.s of the first equation has an upper bound. There is thus a critical value u crit for the heterotic deformation such that there are no solutions for larger u. Maximization of this term gives
The numerical solution of equations (3.9) is presented in Fig. 1 . Note that x is always smaller than unity. This is consistent with the fact that larger values of D (D > |σ 2 |) would imply imaginary masses for the scalar particles, as it can easily be seen from (2.1).
The disappearance of the solutions which minimize the energy becomes clear after we look at the plots of the effective potential at different values of the heterotic deformation parameter. Using (3.8) we can find the auxiliary field D and substitute it into the effective potential (3.7), which we can now plot in Fig. 2 as a function of σ. Conformal sector. The existence of a critical value for u forces us to search for a new vacuum solution other than those given by (3.11). Indeed, Fig. 2 clearly shows a new vacuum located at σ = 0 which survives at nonzero heterotic deformations. For arbitrary value of u equations (3.9) admit the following solution
This solution formally exists for the CP N −1 sigma-model as well, but in that case it must be discarded. As can be seen in Fig. 2 , it represents a maximum, rather than a minimum. Strictly speaking, the effective potential cannot be trusted for σ = 0, where some degrees of freedom become massless. The existence of massless kinks is ensured once we interpret the vacuum at σ = 0 as a degenerate point whereÑ vacua coalesce. We will check this explicitly in the next section, where we will resolve theÑ vacua by the introduction of twisted masses [4, 3, 26] . This sector of the theory is described by a super-conformal field theory. This was first conjectured in Refs. [4, 32] , by analogy with the four dimensional case: coalescence of vacua in two-dimensional theories corresponds to the degeneration of SeibergWitten curves [33] at the so-called Argyres-Douglas points of four-dimensional theories 10 , where the appearance of massless, mutually non-local degrees of freedom gives rise to an interacting super-conformal field theory [34] . This expectation was confirmed in Ref. [35] , where it was shown that the two-dimensional theory flows to an interacting super-conformal fixed point, identified as an A N −1 minimal model [36] , as σ → 0 11 . Notice that we can trust both the large-N effective potential and the exact twisted superpotential for arbitrarily small σ as soon as we interpret them as valid at energy scales much smaller than the masses of the hypermultiplets |m hyp | ∼ |σ| (see (2.1)). The divergences of both potentials arise because of infrared instabilities due to the developing of massless states, as described above. 10 The four-dimensional curve y 2 = f (x, Λ) is given in terms of the two-dimensional superpotential:
2 , which hasÑ degenerate singularities. 11 Ref. [35] deals with the case of complete degeneration of the vacua: y 2 = x 2N . The qualitative aspects of that analysis hold in our case as well. The lower lying plot corresponds to the unbroken SUSY (u = 0) where the vacuum energy of both zero vacuum and Λ vacuum is equal to zero. When we enhance the heterotic deformation the vacuum energy of the Λ vacuum becomes nonzero (the vacuum becomes metastable), whereas it always vanishes for the zero vacuum. At some value of the deformation parameter, u crit the metastable vacuum ceases to exist. On the right: potential for the ordinary CP N −1 sigma-model, u = 0, 1, 4. The vacuum value of σ approaches zero for large u, but there is no loos of vacua, as soon as the deformation is kept finite.
If we assume continuity of physical quantities in the limit σ → 0, the result of this section (see Fig. 2 ) implies that this super-conformal sector is not lifted by the heterotic deformation. Furthermore, supersymmetry is not broken for σ = 0. The massive vacua discussed in this section become metastable when we turn on u, and disappear as we increase the heterotic deformation above the critical value u crit .
Let us conclude this section by analytically solving (3.9) for small values of u. As we see from Fig. 1 this also implies small x. One thus has from (3.9)
which gives
Substituting (3.17) in the expression for the effective potential (3.7) we find the the following expression for the vacuum energy 18) which is to be compared with the numerical solution in Fig. 3 . Notice that the small u limit does not depend on the value of α. 
Massive case
We shall now determine the vacuum structure of the massive model in terms of the twodimensional space of parameters m and µ. With a quick inspection to the first line of (3.4)
we can easily identify three branches of solutions, which correspond to three different phases of the theory
Hn : Higgs phase with non-zero VEV for n
20)
Hρ : Higgs phase with non-zero VEV for ρ
Recall that the renormalized coupling is given by (3.6), r = |n 0 | 2 − |ρ 0 | 2 . Thus, the Hn phase is characterized by a positive coupling, while in the Hρ phase the renormalized FayetIliopoulos term is negative. In the C phase r = 0. We will determine the appearance of these phases in the m − µ plane, by starting with the undeformed case.
Undeformed case
The N = (2, 2) sigma-model is solved by virtue of the exact superpotential. As we have mentioned in the introduction, in the current paper we shall work with the large-N approximation as it can be used both for the (2, 2) and (0, 2) models.
We anticipate here the discussion of this section by proposing the phase diagram in Fig. 4 . Below we list the vacua solutions in each domain of the phase diagram. From the second line of (3.4) we determine the coupling constant
The sums in the expression above can be exactly calculated in the large-N limit as shown in Ref.
[11]
By asking for r to be positive, we obtain the following conditions for the existence of the Hn phase Hn :
Hρ phase. In this phase we use (3.21) to find 27) and the coupling constant
Negativity of r now implies the following conditions for the existence of the Hρ phase
The renormalized coupling constant vanishes, as expected, along the boundaries of the Higgs phases. As we will explain later the curve defined as
is of particular interest. Notice that the renormalized coupling in both Higgs regimes scales with N . Let us mention that a more natural coupling constant would be 31) which is reminiscent of the 't-Hooft coupling constant which naturally appears in large-N gauge theories.
C phases. The Coulomb phase exists in the regions where |n 0 | = |ρ 0 | = 0. There are two distinct regions, Cµ and Cm, which complete the phase diagram as shown in Fig. 4 . With the first and the third equations of (3.4) being satisfied automatically for u = D = 0, the second one gives
Note that each part of this equation is real for the complex variable σ. This implies a continuous set of solutions which are located on a closed line. Again, this is the effect of the large-N approximation, where an infinite number of vacua is continuously distributed on a curve. The solution in the leading approximation is qualitatively different in the two C regions. In the Cµ region the vacua sit on a single circle
In the Cm region the vacua split between two separate circles
In order to resolve the vacua into a discrete set we can compare the result above with the exact one given by the N = (2, 2) superpotential. Vacua are the solutions of the equation [4] 
which, making use of Eq. (2.8), can be rewritten as the following:
It is exact even for small N , but in the large-N approximation one obtains three groups of solutions: N "µ-vacua" in the Cµ region 37) while in the Cm we have N −Ñ "Λ-vacua"
andÑ "m-vacua"
Super-conformal line. The following special situation occurs on the line 40) where (3.36) degenerates to
This equation has two sets of solutions
where the latter solution applies to the conformal regime. Recall that we had a similar situation in the massless case. For this particular configuration we obtain N −Ñ massive vacua and a sector where σ vanishes. The same considerations made for the massless case apply in the massive case on the whole super-conformal line 12 .
Small heterotic deformation
We shall now introduce the heterotic deformation in the model. Let us first study corrections to the vacuum expectation values of our fields for small u.
Hn phase. We can easily solve the first and second equations of (3.4) for D and |n 0 | 2 . The third line is thus an equation for σ
We shall now expand the equation above in terms of small deviations from the undeformed case σ = m 0 + δσ, D = 0 + δD, r = r 0 + δr , (3.44) 12 Notice also that the Seiberg-Witten curve of the corresponding four-dimensional theory [35] , i.e. it has the same form along the whole super-conformal line.
which is a consistent procedure when u is small. Equation (3.43) gives the following result
where r 0 is given by (3.25) . The correction to D can be easily found to be
Finally we write the expression for the correction to the renormalized coupling constant
where
The last equality holds in the large-N limit. Notice that all the corrections contain a 1/r 0 factor. They all diverge as we approach the Coulomb phase boundary, when r → 0. In this region our approximation fails. Nonetheless, in the boundary region with the Coulomb phase we have µ > m and the correction is negative, thereby reducing the value of r. We can argue that the Hn phase gets shrunk. This expectation will be confirmed further in the study of the large u case.
Hρ phase. We can proceed analogously to the Hn phase, obtaining
whereas the correction to the coupling reads
The same comments holds for this phase. In particular, the correction near the boundary with the Coulomb phase µ < m is positive, thus it is plausible that the second Hρ region is also reduced.
C phase. In this phase both n 0 and ρ 0 vanish. We only need (3.4) to determine the correction to the VEV of σ. The second equation of (3.4) now is
while the third one gives
(3.52)
We look again for the solution of the form σ = σ 0 + δσ. From (3.52) we get
From (3.51) we can find the correction to σ 0 . Expanding this equation we get
where f (β) is defined in (3.48) and g(β) is [11] 
We are now ready to write down the results for the two Coulomb regions. First, in the Cµ region, from (3.33) we have µ > σ µ,0 > m; information that we need to correctly evaluate (3.54). Using also the first line of (3.53) we obtain for the µ-vacua
(3.56)
In the Cm we need to find the corrections for both the m-vacua and the Λ-vacua. Using the right values of σ and the second and third line of (3.53) we get respectively Cm :
Let us make a couple of comments. The presented calculation is valid in the large-N limit for all values of masses m and µ in the two Coulomb regions. All the corrections are negative, thus they reduce the VEV of σ. The calculation breaks down at the boundary of the Coulomb regions with the Higgs phases. Notice that the value of D tends to zero if we approach the massless case (we can reach it, for example, through the Cm phase along the µ = 0 axis). This is a strong hint that the theory in the super-conformal regime does not break supersymmetry. Unfortunately, it is not possible to use this small-u expansion to check the same result for the whole super-conformal line, where the corrections calculated above diverge 13 . The factor 1 − α in the expression for the Λ-vacua arises naturally if we recall that the theory is conformally invariant for α = 1. In this limiting case there are no Λ-vacua. Moreover, the result is consistent with the expectation that a critical value of u appears in the massive case such that the Λ vacua disappear at larger values of u. As in the massless case, the value of u crit should tend to zero as α approaches 1.
For small u, the vacuum energy is simply given by the heterotic deformation in the potential:
As expected, vacuum energy is thus larger for larger values of the VEV of σ. While in the Cµ region all the vacua have the same energy, in the Cm phase the Λ-vacua acquire a much larger energy, as compared to the µ-vacua. As was noticed in the massless case, Λ-vacua become metastable once we turn on the heterotic deformation. In the next section we consider the large u limit and we will assume that σ is always small in the vacuum, which is a consistent assumption once the Λ-vacua have ceased to exist for a sufficiently large u.
Large heterotic deformation
At generic values of the deformation parameter u we can only rely on numerical solutions of the full equations (3.4). Unfortunately, this is quite complicated. In this section we will simplify the problem by looking at large values of u. Then we will compare the results with some full numerical calculations done at generic values of u, as a double check of both results.
Hn phase. As noted in Ref. [14] the large u approximation can be exploited by considering σ m. Finding D from the first line of (3.4) and substituting it in the third line, if we ignore σ compared to m , we get (we also ignore terms enhanced by the logarithms)
where r is given by
We can now find the boundary of this branch with the Coulomb branch of the theory by forcing r = 0 in the above equation. It gives us
(3.61) 13 We will be able to prove this in the large u limit in the next section. This boundary is shown in Fig. 5 . One can see that it gets shifted towards the large values of m as u increases. The value of the phase transition point on the µ = 0 axis is
Hρ phase. The procedure in this phase is similar. Now we exploit the approximation σ µ valid in the large u limit. The equation for the renormalized coupling is
The boundary between the Hρ and Coulomb is parametrized by the following equation
This boundary is shown in Fig. 5 . The phase transition for m = 0 occurs at C phases. In Ref. [14] a new phase within the Coulomb regime at large u was found where σ = 0 and the residual discrete symmetry was not broken. For the masses which are exponentially small in u, a VEV for σ is restored, and a Coulomb phase with broken symmetry appears. To study how their picture is generalized for the weighted sigma-model, we search for a broken Coulomb phase in the two following regions 
Notice that the equations above admit only the solution σ = 0 as long as m > σ. This is the Coulomb symmetric phase. For smaller m, we pick the first line in (3.69), wich gives non-trivial values for σ. We can actually determine the boundary Cµ-Cs by solving the above equations for m < σ and then imposing the condition σ = m. The Cµ phase gets extended towards smaller values of µ, when it will eventually meet the Hρ phase. As a final check, let us further simplify (3.69) in the large µ limit
which is consistent with the results of Ref. [14] . In this region, in fact, our model reduces to the ordinary CP N −1 model, with the new scaleΛ = Λ(µ/Λ) α . The Cm phase is completely analogous. The correct approximation leads us now to the following equations
We proceed as for the Cµ phase to determine the boundary with the symmetric phase. The result is shown in Fig. 5 . If we look at very small values of m, we can simplify (3.71) a bit more. From the first equation we see that very small m implies m 2 D. Finally we get
Super-conformal line. Keeping the results of this section in mind, it is now easy to check that supersymmetry is effectively unbroken as we approach the super-conformal line
Since we are looking into the Cs phase, we put from the beginning r = 0 and σ = 0 in the second line of(3.4)
which is clearly solved by D = 0 provided that (3.73) holds. This condition is enough to show unbroken supersymmetry. One can also directly check that the vacuum energy vanishes. In general, in the Cs phase D does not vanish, and supersymmetry is generically broken.
Spectrum
As was shown by Witten in the supersymmetric CP N −1 sigma-model photon is massive due to a coupling to fermions and its mass is given by the chiral anomaly [1] . However, the photon remains massless in the bosonic CP N −1 sigma model. It was shown in Ref. [14] that once the twisted masses are nonzero and the heterotic deformation is turned on, the photon becomes massless in the symmetric Coulomb phase. The authors also call this phase confining, since existence of long range interactions with massless carrier allows bound states of particles ("kinks"). In CP N −1 sigma-model onlynn mesons could be formed, our model also admits, in principle,ρρ and nρ mesons. Below we calculate the photon mass at different values of twisted masses m and µ as well as the heterotic deformation parameter u, and show that it vanishes in the symmetric Coulomb phase as is prescribed by the unbroken discrete symmetry. Since analogous calculations in supersymmetric sigma-models have been previously performed (see, for instance Refs. [13, 14, 37] ) here we shall just list our result. Generic expressions for the effective coupling constants can be found in Sec. B.
The one-loop effective Lagrangians for the WCP N F −1 (0, 2) sigma-model reads
We shall only consider photon-scalar mixing in this section, that is why we specified only bosonic part of the action. In the above expression we denote σ = σ 0 + δσ, where σ 0 is the VEV of the field σ in the vacuum where our effective theory lives. In (4.1) effective potential V eff (σ) is given by (3.3), gauge and scalar couplings can be calculated from the corresponding one-loop Feynman diagrams. Gauge field is coupled to the imaginary part of σ and the mixing can straightforwardly be generalized from [14] . In Fig. 7 one-loop diagrams which contribute to the mixing are shown. The result is given by where the function f (β) was introduced in (3.48) and we assumed that σ 0 = 0. If the VEV for σ vanishes at a vacuum (which happens in the symmetric Cs phase) then the result is different
The photon mass can be obtained by diagonalization of the mass Lagrangian
We can immediately see from (4.3), (4.4) and the formulae for the couplings (B.2), (B.3) that in the symmetric Cs phase photon is massless in the large-N approximation. This result is universal, it is dictated by the unbroken discrete Z N −Ñ symmetry present in the Cs phase, and it is independent of the value of the heterotic deformation. Let us now calculate the photon case for zero and nonzero values of u in the strongly coupled Coulomb phases Cm and Cµ, where discrete symmetries are spontaneously broken by the VEVs of σ.
Undeformed (2, 2) Model
If the (2, 2) supersymmetry is unbroken the masses of the particles of the same multiplet should be the same
Using (4.4,B.10) we can easily find 6) where the numerator reads
Depending on the VEV σ 0 the masses (4.5) can have different values, in particular, they can vanish.
Λ-Vacua. The Λ-vacua (3.34) appear only in the Cm region. The mass of the N = 2 multiplet is given by (4.6) with |σ 0 | = Λ and the following numerator
0-Vacua. In the Coulomb phase there are also 0-vacua which are the solutions of the vacua equations in the two regions of the parameter space Cm and Cµ (see Fig. 4 ). In this case in the formulae (4.6,4.7) we should use we have
Deformed (0, 2) Model
As we have observed in the previous sections, Λ vacua become metastable as we increase u and for u > u crit disappear completely. Keeping this in mind let us focus on 0-vacua, which continue to exist for any value of the deformation, assuming that u is large enough for the approximations we have used in the end of Sec. 3 to be valid.
In the Cm phase we get
where we have neglected all the terms as in the calculation of VEV D and σ 0 . The photon mass by means of (4.4) is then given by
where we have used (4.7) which implies that A = α in the Cm phase. The above expression may seem to diverge at large u, but we do not need to forget that the expression in the parentheses above should be bigger that zero for all u. The bigger u is the smaller is µ and the whole expression becomes suppressed. Analogously, the photon mass in the Cµ phase reads
where we used that A = 2.
Conclusions and Discussion
In this paper we solved, in the large-N approximation, a particular kind of two-dimensional N = (0, 2) non-linear sigma-model which we referred to as "heterotic" WCP N F . As it was already noticed, we didn't study the most general kind of heterotic deformations, rather, we focused on the particular case relevant to the study of non-Abelian vortices. The main result of the paper is the determination of the phase diagram of the theory summarized in Fig. 5 , which generalize the well-known N = (2, 2) case (see Fig. 4 ), once a heterotic deformation is turned on. In addition to the two Coulomb phases Cm, Cµ and the two Higgs phases Hn and Hρ, already present at zero values of the deformation parameter, a new Cs [14] phase emerges around what we called the super-conformal line: µ/Λ = (m/Λ) 1/α . On this line some excitations become massless, and the theory is described by a super-conformal theory of the minimal A N −1 type [35, 36] . A discrete Z N −Ñ symmetry is broken in all phases but it is preserved in the Cs phase. Supersymmetry is also generically broken. The vacuum energy and the expectation value of the auxiliary field D vanish as we approach the super-conformal line suggesting that supersymmetry is unbroken on the line. The Cµ phase contains two well-defined sets of vacua which we called µ-vacua and Λ-vacua (in this region µ < Λ). Once the heterotic deformation is turned on, the Λ vacua become metastable. For sufficiently large values of the deformation (u > u crit ), the Λ vacua do not exist at all. All the phase transitions look like being of the second order [14] , but it is important to stress that this is an effect of the leading order large-N approximation: at finite N , they should rather look like sharp crossovers.
The vacuum diagram in Fig. 5 also gives us the spectrum of non-Abelian vortices in the associated N = 1 four-dimensional gauge theory. In particular, supersymmetry breaking means that vortices are not BPS saturated at the quantum level. Furthermore, the vacuum energy (see (3.58) ) is translated into a correction to the classical formula T = 2πξ for the tension of vortices 15 . In the Cm regime, for example, N −Ñ vortices become metastable and eventually disappear from the spectrum. Moreover, as was shown in Ref. [1] and later discussed in Refs. [24, 2, 11, 14] , the fundamental fields n's and ρ's, together with their fermionic superpartners, can be interpreted as kinks interpolating between two vacua, or vortices. As already mentioned, kinks correspond to monopoles in the four-dimensional gauge theory. The study of spectrum of the model we considered, thus, gives informations about the monopole spectrum in N = 1 theories.
The discovery that non-Abelian vortices are the precise link between two and fourdimensions is a recent exciting result in the study of supersymmetric gauge theories. Given the tighten relationship between two-dimensional N = (2, 2) and four-dimensional N = 2 theories, it is tempting to explore systems with less supersymmetry, to find if and how the physics of N = 1 theories is "seen" on the two-dimensional N = (0, 2) theory, and vice versa. Interesting results have already been found when no additional hypermultiplets have been considered [12, 15] where a qualitative matching of the supersymmetry braking pattern and of the meson spectrum was observed. Our results are the first important step to extend this line of research when an additional number of flavorsÑ is included. In this case, physics of N = 1 SQCD varies dramatically [38] . The most remarkable feature is the existence of an electric-magnetic duality (Seiberg duality). More recently it was found that dynamical supersymmetry breaking is a quite common feature [39] . It would be interesting to search for signs of these phenomena on the two-dimensional side. With the better understanding of the quantum physics of vortices when additional flavors are included, it should be possible to extend, for example, the analysis made in Refs. [8, 40] , where the role of vortices in the context of Seiberg duality was investigated. In these works, the dual quarks of the "electric" theory were interpreted as monopoles of the "magnetic" theory.
The investigations on "heterotic" WCP N F −1 are by no means finished here. First of all we think it may be interesting to further study the model on the super-conformal line. This line as a direct counterpart in the four-dimensional gauge theory, where the coalescence of multiple vacua give rise to the appearance of super-conformal vacua called Argyres-Douglas points, where the relevant degrees of freedom are mutually non-local [34] . An analysis of this kind has been initiated for example in Ref. [35] . A comprehensive study of kinks is also in order. The spectrum of kinks is in fact related to the monopole spectrum in four dimensions. This study started in Ref. [41] . A careful study of kinks interpolating between different kind of vacua is still to be done.
A Superfield Formalism
In this section we present the superfield derivation of the Lagrangian (2.1) of the weighted sigma model without twisted masses. Inclusion of twisted masses (2.7) can naturally be realized in the brane picture. Here we briefly review the derivation of the Lagrangian given in Ref. [37] 
where the covariant derivative is given in (2.2) and in the third line of the above Lagrangian it is implied that
isovector superfields are represented by
gets multiplied by the D-term constraint in the second line of (A.1), and spinor superfield under the proper gauge
The heterotic deformation is conducted by the chiral field
which by definition contains only the right-handed fermion:
In the formulae (A.1)-(A.5) θ is a Majorana spinor, σ 1 , σ 2 , A µ , u α , v α and D are real fields, while ζ and F are complex fields. The complex-valued parameter ω stands for the heterotic deformation. The complex-valued fields σ and λ from (A.4,A.5) can be assembled using the components of S and A α as follows
B One-loop Effective Action
Below we list generic expressions for the effective couplings of (4.1) in terms of D, σ, u and twisted masses. Let us first for completeness specify the full action including the fermionic part
The gauge coupling can be calculated using the wavefunction renormalization for the photon Fig. 8 and reads 
(B.2)
Feynman diagrams corresponding to the scalar couplings renormalization can be found in Fig. 9 . Performing the integrals we obtain 
(B.3) 17 We assume for simplicity that for the vacuum Im σ 0 = 0.
We see that real and imaginary components of the σ 0 field acquire different renormalizations, in particular, is the SUSY is broken, their couplings are different. The fermion coupling renormalization given by the diagrams in Fig 
(B.4)
The Yukawa coupling can be found as the mass renormalization using Fig. 10 and is given by (equivalently one could compute the corresponding triangular graph)
(B.5)
The sums in the above formulae can be done explicitly. Below we list those formulae we used in Sec. 4 
C Notations
Here we list the notations and some useful relations we use in the paper. Gamma matrices
Antisymmetric symbol
Left and right coordinates where H and P are energy and momentum charges respectively. Covariant derivative reads
